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Correlation Functions and the Goldstone
Picture for the Hierarchical Classical Vector
Model at Low Temperatures in Three or
More Dimensions

Ricardo Schor! and Michael O’Carroll’-?
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Low-temperature properties of the one-and two-point correlation functions are
obtained for the pure state classical vector model in a hierarchical formulation.
We consider the Z¢ lattice model (d>3) where the single-site spin variable
#e R” has a density proportional to ¢ ~##'~ 1" for large 1< co. We obtain the
pure state one- and two-point functions by introducing a uniform magnetic field
which goes to zero as the volume goes to infinity. Using renormalization group
methods, we generate a sequence of effective actions and spin variable and
determine the spontaneous magnetization (one-point function parallel to the
field). We confirm the Goldstone picture by showing that the truncated
two-point function has the canonical massless decay |x—y| =2, x, ye Z% in
the directions perpendicular to the field. We show a faster decay in the parallel
direction and for large d that the decay is |x—y| "%,

KEY WORDS: Hierarchical classical vector model; Goldstone picture;
infrared asymptotic freedom; renormalization group method; correlation
functions.

1. INTRODUCTION AND RESULTS

In a previous paper,'’ hereafter referred to as I, we obtained low-tem-
perature thermodynamic properties of a hierarchical version of the Z¢
d =3, lattice classical vector spin model with partition given by

Z=[ exp{BL3(4, 49) + (h 61} [T8(4() = 1) dplx)  (1.1)
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where ¢ = (¢, ¢,,..., $,) € R*, i is a uniform magnetic field in the one-direc-
tion, 4 is the lattice Laplacian, and f is the inverse temperature. See
refs. 2-7 for results on the model of (1.1). In I, renormalization group
methods (see also refs. 8 and 9) were used to obtain an expression for the
free energy and spontaneous magnetization, calculated as the thermo-
dynamic limit of the derivative of the free energy per site with respect to the
magnetic field at zero field. A sequence of magnetic fields, going to zero as
the volume goes to infinity, is used to put the system in a pure state. In this
paper we obtain low-temperature properties of the pure state one- and
two-point correlation functions at zero magnetic field. The result for the
one-point function follows immediately from I, using its translational
invariance. In agreement with the Goldstone picture,*® i.e., there are v— 1
massless degrees of freedom, we show that the truncated two-point function
perpendicular to the field decays as |x —y| ~“~?), x, y € Z% the parallel one
decays faster and for large d the decay is |{x — y| ~*“*2). See refs. 1012 for
results for other hierarchical models.

Specifically, the model we consider is obtained from the above by
replacing 4 by the hierarchical Laplacian and relaxing the fixed spin condi-
tion, ie., the partition function on the lattice A4, =[—L"/2, L"/2]%< Z¥,
L odd, is given by (after the change of variables ¢ — ~/2¢)

A
Zuh p)=[ep {87 ¥ 6i00-5 T 07 -BFduntd) (1)

xedy ﬂxeAN

where < oo and 1< oo are taken to be large, and du,(-) is a Gaussian
probability measure with covariance G, given by the inverse of the
hierarchical Laplacian. We introduce the Gaussian probability measure
du,, with covariance G, for functions on A,,= [ —L™/2, L™/2]9 <= Z%, for
m=0 only a single site is present and Go= (1 — L~ “~2)~1 The term G,,
is given by

Gl 7) = (1= L2747 LEZ At =1 (13)

for all x, yed,, and n(x, y)=min{n={1,2,..}: [L™"x]=[L""y]},
where, for any ueR?% [u] is the element of Z% such that —1/2<
u;— [u];< 1/2. We remark that the measure du,, is determined by the
relation

[ expLi(, 1)1 dit(9) = exp[ — 3, G, )]

via Bochner’s theorem. For m= 1, du,(¢) does not have a density as a
function, but as a distribution, since G,, has a nonzero null space. Further-
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more, using the spectral representation of G,, (which can be obtained
explicitly) and restricting G,, and the measure to the orthogonal comple-
ment of the null space, one can write the Gaussian measure with a density.
The associated quadratic form is long range. This procedure provides a
link between the nonlocal part of the interaction in our model and the one
studied in ref. 11.

The G, satisfy the recursion relation

Gn+1(LX+M, LY+U)=L2_dGn(X, y)+5n(x’ y)

for all x, ye4, and u, v such that —L/2<u,, v,<L/2; §,(x, y) is the
Kronecker 0.
We use the fundamental relation
[ 11 £ du,=] T1 fug(o)du,-, (14)
xeAn xedy_1

where

Fd@) =] TT freedL™ 92248y e 92 d
MEB(()U

with B ={ueZ?% —L/2<u,<L/2}. The relation (1.4) is derived by
differentiating the generating function exp[3(J, G, J)] with respect to the
J’s using the decompositions ¢(Lx + u)= L " 1=2¢'(x) +n(x), xe 4, _,,
du,(#)=du, (¢') du, _,(n), where du,(n) =TT.c .4, du(n(x)) and du(n(x))
is a Gaussian probability measure with covariance 1. We adopt the conven-
tion that the ¢ integral includes the factor (27) "2, We can look at
Eq. (1.4) as giving a decomposition of an original field integral into a new
field and fluctuation field integral (see I for more details). We define the
renormalization group transformation (RGT) R by

e = [ exp[ ~ LW(L ™"~ 22% + £)] e~ ¢ (1.5)
A simple calculation shows that the derivative of R is given by the linear
operator

AR(W)
aw

L (L7 D4 &) exp[ — LW(LY P+ E)] e @2 dg
= jexp[—LdW(L—(d—Z)/zqs_*_é)] o128 e

= LMy g(4) (L6)

g(9)

so that by the chain rule

dR"(W)
aw

8($)=L""M pn-rr--- My g(4) (L7)
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Applying Eq. (1.4) to the partition function Z and one-point function
gives, letting V'=(4/B)(¢* — )% V,, =V —B'2hl, and 1($)=¢,,

Zy=| T1 expL~V,($(x))] duy

xeAdAy

. :j TT expl— R 'V,(dix)) d,

xe Ay

= [ expl —R"V4(¢)] dio (18)

B0 =287 [ $,40) TT expl—Va(d(x))] duy

xe Ay
=258 [ My 6:0) 1 expl—RVA($()) dity
= = Z B [ My My () expl— RYV,(6)] dito

(1.9)

For the two-point function let x=L"z+L" " 'u;+ --- +u, and y=L"z +
L' Yo, 4+ .- 4+v,, zed,, u,#v,, where n=n(x, y)=1 defines the
hierarchy containing the points x and y, u;, v;€ B{". We consider scaled
correlation functions due to the change of variables in the original partition
function of Eq. (1.1}. Using Eq. (1.4) in the two-point function gives

(Pi(x) (7>
=238 [ 40 8:(») TT expL—V(#(w)] dusy

we Ay

Z3 B My LAl 2 L e )]

il

XMy L¢ (L' 24+ L" P04 -+ +0,_1)]
X H exp[ ~RV,(¢(w))1 dun

weAdy_y

e = Z B Mo [ Mgy Myl ()T

i

x [ exp[—R"V){$(w))dp,

we Ay

= Z B My,

XM ey [ M o2y, < MVh(¢i)}2 expl — RV ,(4)] du, (1.10)
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From Eqgs. (1.9) and (1.10) we see that we need to control RV, and com-
positions of M operators with a magnetic field. In I we showed that there
is a simple relation between R"V, and R"V, namely, the linear shift formula

R'(V—pl)=T_y,. R"V—L"%*2pL,
_%L(n+1)d(L2n_1)(L2_1)~1p2 (111)
where
L2n71
o= (S ) L= b

e, 1s the unit vector in the k direction and T_,, be R’, the translation
operator T _, g(¢)=g(¢+b). Using Egs. (1.7) and (1.11), we obtain,

letting e, = and a,= L "/,

(¢)

e=0

d
Mgn-1y, --MVhf(¢)=L_"d;i—8R"(Vh+8f)

d ]
=L T g RV +5f)

e=0
_ Tva;‘ﬁl/zheMR"*lV"'MVf(¢) (1.12)
and
—nd d n
Mpi-ry - My L(¢)=L E;:R (V' +ely) ()
=0
=L E=2g _ g 5 R"V($) (1.13)

We use Eqgs. (1.12) and (1.13) in Egs. (1.9) and {1.10) to obtain, after
making the change of variables ¢ — ¢ + a)y ' he,

(G(0)> M = g1 U [L——(N/Z)(d—2)¢k —ay ag;iV (¢)}

x exp[ — Un(d, B, h)] d¢}

<A el - Va6, 18| (1.14)
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{i(x) ¢i(y)>(N)

RN‘n
—ptL- o | (ddW (R"V)

X{I:L~[(n\l)/2](d—2)¢__a 16R"1V(¢)}
T g

X [L‘ =122y _ oR" g;f/(cﬁ)]})

xexpl—Un(g, B, h)] d¢/J exp[—Uylo, B, h)]1dp  (1.15)
where, setting ry= (L= 1)(L* = 1) ' = L=2N(L— L*)(L*-1)"",
Un(g, B, h)= RVV($) —ry LN+ 2B12he 4 51— L279) 92 (1.16)

Through the use of Egs. (1.12) and (1.13), we see that we can consider
effective spin variables with zero magnetic field, but with a linearly shifted
effective action. From the results of I, recall that

RV =dy+4ix(16l — B +wallgl = B3 ) =dy+ V)

for ||¢|— Byl <B%, O<a and small, where wy(B) is analytic and
|wx(o)| <kB32~*2 The A, converges to i*, the fixed point of the function
f(A)=L*/(1 +8L%), ie., to A* = (L*>—1)/8L“ Later we specify the rate of
convergence more precisely. Also we see that the effective spin variable is
modified from its canonical value L~"?“=2¢ by a term proportional to
the derivative of the nth effective action.

We now consider the one-point function. In (1.14) an integration by
parts of the second term gives

(Bu0)YW = ALV UL = LV L2 = 1) rydye+ B Py

% L*(N/Z)(d*l)j‘qsk exp[— UN(¢)] d¢
§exp[ — Un(¢)] d¢

d —17 —N
==L IL=¥1n Z (k)] (1.17)

which is precisely the finite-volume magnetization per unit site calculated
in I. Actually, this follows from translation invariance of the finite-volume
one-point function even though the covariance G, is not tramslation
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invariant. Thus, using the results of I, we have, letting, as in I, the magnetic
field depend on the volume,

iy =1y (1= L2 L=V g)ive

Theorem 1.
(P(0))> = Nlim ($p(0)>NM =3, 17 Nlim L-Nd=2pgie

A more intuitive way to understand the above result is to go back to
Eq. (1.14). For the special sequence {/y}, Un(é, B, hy) has a minimum at
$y= B2, ¢, =(ds,.. $,)=0, and near the minimum

Uy=dy+3[8iy+ (1L )¢, — BV +5(1 - L* ) 47

Thus, the exponential in (1.14) is concentrated around ¢= (¢, =B,

¢, =0) and since dRVV/d¢, is zero there, only the first term survives,
giving ~8,, L~ V2@ =2g=12g12 This argument can be made rigorous
using Lemma 5.1 of I, thus giving a direct proof of Theorem 1.

We now turn to the two-point function. Note that
($:(x)$,(¥)>" =0 for i#j We do not know of a formula for the
integrand of the numerator of Eq. (1.15), so to handle the composition
M gv—1y -+ M o1, we derive another representation from (1.15) given by,
letting 0, = 0/0¢,,

(#;(x) ¢i(}’)>(N)

zﬁ—lf{L(N/zxd—z)I_z+2aNL—<N/2)<dz)}_@y(N)

N—-1
L[V 2y ]y Y L)

Jj=n—1

N—-—n—1 n+j
(-1 ¥ a,gﬂ.( i MR,V>a§V<"+f>

j=0 I=N-1

+a,211L_d< ]:[ MR1V> 6?V(”_”} e ¥ d¢/f e Yvdp  (1.18)

I=N—-1

From (1.18) we see that to understand the two-point function we need to
control products of M’s applied to the second derivative of the action.
Before stating the theorem on the long-range behavior of the two-point
function we give an intuitive explanation: (1)i=1. The first term con-
tributes {¢#,(0)>? and the next three terms give a zero contribution. The
dominant contribution comes from the last two terms replacing 82V ™ by
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84,. The term Y7 ' | L™/"% gives |x—y| ““~? falloff of the inverse
hierarchical Laplacian, but cancellations occur with the remaining terms to
give for large d a |x—y|~“*? decay for the truncated function. (2)i# 1.
The first term contributes zero and the next three terms give a zero con-
tribution also. The dominant contribution from the last two terms comes
from replacing 32V™ by zero. The term Y ' L~/“"? gives the
dominant contribution, which is the hierarchical Laplacian decay, ie.,
|x—y| @2,
We have the following result.

Theorem 2. The thermodynamic limit of {¢,(x)¢;(y)>*" exists,
ie.,

(B3 $.(»)) = Him <4,(6) 4o (3)> Y

and satisfies

nlinio L("_l)(d72)<¢i(x) ¢l(y)>=1—_—_§—:td17), l=2, 3,...,V (119)
lim LU= D290 (x) 41(¥)) — (41(0)5%) =0 (1.20)

n— o0

where § =1/2 — 3a > 0. For large 4,

(91(x) $1(¥)> = (:(0)>* =~ T—[=@n*

4 O(L—n(d+2+s))

LdLAn(d+2) *2<1 \\2

where £>0, R, =lim, ., [R,=L*A;'—i* )= '—1*""], and
IR <cB* 17

Remarks. 1. To obtain the expected |x—y| “*? decay for all
d >3 in Eq. (1.20), we would need more refined estimates of M operators
applied to the second derivative of the effective potential. These estimates
can be obtained from higher-order perturbation calculations.

2. Second-order perturbation theory shows that the dominant
contribution to R, is —c(v—1)/f, where ¢ >0.

3. The parallel truncated two-point function of the model with
V =44(¢, — B)* can be calculated exactly and the parallel decay is given by
BILAL M+ D(1 — L=@+2) -1 3*2/32 which is to be compared with the
large-d result of Theorem 2.
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We now describe the organization of this paper. In Section 2 we derive
the representation of Eq. (1.18) and as an interesting byproduct we obtain
a quadratic upper bound on V'™, n>1. In Section 3 we obtain estimates
on the terms of Eq. (1.18) and show the existence of the thermodynamic
limit. Also, a convenient representation for the thermodynamic limit of the
two-point function is obtained. Using the estimates and representation of
Section 3, we obtain the decay rate of the two-peint function in Section 4.
We make some concluding remarks in Section 5.

2. REPRESENTATION FOR THE TWO-POINT FUNCTION

In this section we derive the representation Eq. (1.18) for the
two-point function starting from Eq. (1.10). A differential inequality is
obtained which gives an upper bound for V' ")(¢), n> 1.

Set, writing M goy =M ,w=M,, 3/0¢;=0,,

Fl_(nfl)E —an_1L7“/2)(”7”(d_2)1[~an,l aiV(n*l)
— —2)2
Gfi',r;):Mn71+m”.MnMn—l(Fi(n )) s m>0
so that

G£?3:L~(n—l)(d~2)M”71[[2+zan7IL—(I/Z)('HI)(de)Mnilli@iV(nfl)
+a_ M, 8,V V)

n—1
In order to calculate the above, we use Theorem 3. Let n > 1; then:

(@) M, [J2=I*=L-@ 2p2_213y®

+ LU0,V ") =03V "] + 1
(b) M, Lo, Vo-D=L3, V"L 2(6,V™)—a2p™]
() M, [[LYG VU= Vy—oivt - D]=L7?[(3, V") —a;v™]

Proof. (a) After making the change of variables &' = L~ @~ 224 4 ¢
in Eq. (1.6), we find, by a direct computation, that

aiMn—1f=L_(l/z)(d_z)(Mn-1Iif_Li(l/z)(diz)IiMnflf)
— LD, )M, 1)~ LD, f)
=L~ UM, (L — (M, L) M, _, )] 2.1)
Setting f=1; in Eq. (2.1) and using (1.13), we get

M, =LY 2203,V +LY 200, V")>-alv]+1
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(b) Setting f=0,V"~"in Eq. (2.1), we get
M, LoVeD=M, (M,  8,V"=D)4LE-225 M 5 yin-b
= (L-W-22f _ [@=22 5 pm) [ @422 5 o
LU g @22 g
=L, 0,V ™ — L=2[(3,V ™) — 32V ]

(¢} Differentiating
exp[ — ¥ (@)T=¢,_, [ exp[— LV "~ V(&) — 4 — L~ D29 )]

twice gives
2 ) —(d-2)2 0 Ay -1y g |
O expL—V @)=L e, [{am el LY O

X exp [-— %(é—L(‘i‘z’/zq})z] dé

and as
_ pin) _ypn _yin
3% "= (0, VM) — e~V g2y
we have

(aiV(n))?._6?[/(71)=L—(d¥2)Mn_1[L2d(aiV(n7l))Z_Ld algV(nfl)]

Using Theorem 3 in G} and the relation

n,
an+1:L—(d+2)/2an_Lf(n—l)(d——Z)/Z (22)
we arrive at

Gﬁf}=L*"("_2)I,.2—i—2a,,L*"’/2)(d‘2’I,.('),-V(”)—i—ai(a,-V‘"’)2

+ LD gl g3y el (LM, 87V

From this result we are led to the following.

Theorem 4. If m=>=0,
G(m_)=L—(n+m)(d72)1i2+2an+mL7(n+m)(d—v2)/21iaiV(n+m)

+ ag, (0 VM)
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n+m—1
+Y Lo gyeem
j=n—1
— n+j
_(1_ Z n+1< H M[)
= I=n+n+1
) n—1
xafV‘"“)+a,21,L“d< T M,)@,.ZV‘””
I=n+m—1

where the 3,_, term is to be omitted for m = 0.

Proof. The result is true for m=0. Assume it is true for m, m >0
then, using Eq. (2.2) and Theorem 3, we have

1
Gl =M, G
— [Lf(n+m41)(d72)12+2an+m+1L7(n+m+l)(d72)/2

X 1 a V(n+m+1)+an+m+1(a_V(n+m+l))2]+L7(n+m)(d 2)
aZV(n»rm)

2 (n+m+1) -
n+m+la _+an+ml‘ n+m

n+m—1
d—2 2 —d 2
+ Z L= ay oMy OV (1L )Zanﬂ.
Jj=n—1 Jj=0
n+j n—1
><< T M,)afV("“)nLailLd( I M,)&?V("“
I=n+m I=n+m
__[Lf(n+m+l)(d~2)1i2+2an+m+IL—(n+m+1)(d—2)/21ial_V(n+m+I)
2 112
a0, VTN

n+m
+ Z L~J(d—2)_a’21+m+1 al;V(n+m+1)_(1

j=n—1

n n+j
. zaiﬂ.( I M,>
j=0 I=n+m
n—1
—d< I M,)&,?V("“ |

I=n+m

—L_d)

X 0Vt 4 a2 L
Finally, we obtain the upper bound for ¥ given by the following

result.
Theorem 5. For n>1 and all g R,
—(d-2)

V) < S (191~ B
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Proof. Setting f=1 in Eq. (2.1) for n>1 and using (M, _,[,)°<
M, _,I?, by Schwarz’s inequality, we get

0<8,M,_ I,=L 422 L2722y

or PVOLL-W D Since VO (g)=V(|gl) and (d’V"do”)
(6=1¢| —BY*)=0, for p=0, 1 the result follows.

3. TWO-POINT FUNCTION AND THERMODYNAMIC LIMIT

In this section, we establish a convenient representation for functions
of the form ([T' ., M, d?V"™ appearing in Theorem4, which will
ensure the control of the integral (1.18); the infinite-volume two-point
function will then be written as a superposition of multiscale contributions
analogous to the expansion of the free energy obtained in I.

The integrals in (1.18) will be calculated splitting the region of integra-
tion, as in I, into “small fields” (perturbative region)

(8161 — BYH <iB3s 1911 = (3 + - + ) < 3B}

and the complementary “large-fields” region; 0 <o <1/6(d—2) is a fixed
number. The latter contribution can be handled with a crude global upper
bound on ([17_, ., M) 07V, given in Theorem 6 below. The main con-
tribution comes from the perturbative region, where a detailed representa-
tion, given in Theorem 7, is needed.

Let n>1 and m> —1. When m= —1, (IT/_,_, M) V"W =a;v ™.
The constants appearing in the theorems below depend only on L and o.
We assume the initial f to be large (depending on L and o) and the initial
A> A%

Theorem 6. The function

e T M) 00,1 0)

I=n+m

is entire in ¢ and bounded by do B}, ,.[exp L~“~?(Im ¢)*], for a suitable
constant d,. For real vectors,

’eﬁy(wmﬂ)(«;)( fl M1> ale(n)(¢)

l=n+m

<d0ﬁn+m

To obtain the small-fields representation for ([T)_, ., M;) 86,V
we first note that since it is a second-rank tensor under rotations, it has the
general form

¢i¢j (n)

( I M,)a,»ajv<">(¢>=f£:’(|¢n5,~j+wgm(1¢|)<|¢|) (3.1)

I=n+m
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Theorem 7. [ and A=+ g, viewed as functions of o=
\¢| — B2 ..., are analytic on |o| <38%, ., and have the representation
FO01) =7 +72(0) and h2(14]) =825 +F(a), where (o =0)=
hie=0)=0 and |72, A (o)l <kpS*, 2. Also, ™ =0 and
A =4, and we have [, | — 0|, 8 |20, | — AU <k,

Before we prove Theorems 6 and 7, we establish the final representa-
tion for the thermodynamic limit of the two-point function which is used

to analyze the decay in Section 4.

Theorem 8. The infinite-volume truncated two-point function is
given by

BL<A:(x) ¢:(p)> — {B:(x)><b:(¥)>]

[ (n—1)d=2)

=T—@w (=17

X
J

+L—dai—1[8/1n—15il + O(ﬁia:ll/z)]

aﬁ+j[8)v,,+j5il + OB~ V)]

n+j

108

where n = n(x, y) defines the hierarchy containing x, y e Z<

Proof. Rewrite Eq. (1.18) as

N

<¢i(x) ¢i(y)>(N) = D(N)

where

N}ﬁ’“:j {L_N(d‘2)¢?+2aNLN(dz)/zqﬁ,.a,.V“‘”
+ @[3, V™) — 92y )]

N—-1
+ Y LY (1LY

Jj=n—-1

N—n—1 n+j
< 3 a1 M)ave

Jj=0 I=N—-1

n—1
+L‘daﬁ;1< I1 M,)@fV‘"‘”}eUquﬁ

I=N—1

DW= ey

822/64/1-2-12
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where
Tu(@)=V($)+ 31— L4 — B’V + 821 = Unlg, hn)

The particularly simple form of U is a consequence of the judicious choice
of the sequence 4, of magnetic fields in I. To calculate DY), we split the
integral according to the decomposition 1=y, + y., where

(¢)= 1 if g —BI<iB% and [4.|<3B%
Xo 0 otherwise

Since VW' 20, we have

3 o
1P = [ exp(~ 0, | <comstxex | = g2 1= 124 3 |

Using the “small-field” representation

V(p) =42x(19] — BN*)* + willgl — BN?)

on ||| — B¥*| < B%, with wy analytic and vanishing together with the first
two derivatives at zero and bounded by kBG* /? there, we can write
Un(4)=vy+O(BF* "), where

v(8) = 5[8An+ (1= L2~ )¢, = B + 31 - L2~ ) 47
valid if y,(¢) =1, with the O(-) term uniform in this region. Thus,
DY = [ y,e 0% dp= [ expl —Vr(g)] dp+ O(B3 )

and we conclude that

lim D™= D)= [ exp{ ~3[82+ (1L )] 1~ 41~ L2~ 41} dg

"n— O

We analyze each term of N in a similar way. Thus, we find

f ¢2y. exp(— Uy) dp < const x (3, + const)

1 2—d 2a
xexp[—64(1—L ),BN}
and

[ #2roe Ordp=T1+0(B2 )] [ ln,e™ " do
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Hence
[ 921, exp(—Ty) dg

= [+ 08~ 21 { [ g2 expl— V.0 ds

+0(pyew| - -2 pz])}

=| Jexp—vnras | (1400 17))
X [Bnd:+O(1)]
It follows that

lim jL*N(d—2>¢,?e*0~d¢=5“p<°® lim L~Md-2p
N-ow

= D(4,(0))?
= D, (x)> <))

Next consider

[deavremnds= —[ (@) ge v d
with
un($) =40 = L2704y — BV + 4]
We have

“qﬁia,-V(N’ e~ O a¢‘

Jerrtermap—[e g @) e g

< const + &, 8/ - const

N(d—2)/2

Since ay~ L~ , we conclude that

lim ay L= %4272 [ 4,0,V =0 dp=0

N-o
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Now, consider

U [(8,V ™) — al;V(N)] o V- uy d¢’

= j[(ai“N)z“afuN] e_V(N)?uqus]

< const

which implies

lim aﬂ [(8,V M) — 32V ™) ¢~ v dg =0

Hn— o0

Next, using Theorem 6, we have

U ( IT M,) 02V " exp(—Up)] 7. d¢j

I=N—-1

1 2—d 1
gL )ﬁJ

Also, since ||@| — BX?| < 3B% if y,(¢) =1, we have, from Theorem 7,

< const x ﬂjv_l_n_jexp[

n+j -
f( 1 Mz>9?V‘"”’e‘U”xod¢
/ 1

=N—

=[(1-25) 50

2

oGy, ,(|¢|)] “ony, dp + OB

_.ys\r;+1) n_jJe—uNd¢+(8;hg\r;i-J) .),X;Jrj) n——j)

¢2 —uN 3a—1/2
<[ e, db+ 0BT

Since ¢%/|¢|> =8, + O(B3~") if x,(¢) =1, the above expression is equal to

(8204, 0u+ 7§70, (1=8,)] [ e dp+O(BF ")
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Now, Theorem 7 implies that lim,, , . 7% =7% and lim,,_, , A/ =A%
exists and V' =0(B,* ') and A =4, + O(B>*~ 7).
Thus, we conclude that

n+j _
lim J < H M[> 61- VZ(I’I +J) e—UN d¢
NooY \jon—1

= [BAL /6,1 + 24 (1-8,)] D

and in the same way,

n—1
lim< I1 M,>65V<"—“ef7~d¢

N=o \jon—1
= [8/15;2*1)5:'1 +y(()ré~1)(1 —9d,4)] D)

Since

n+j -
U( I1 M,)@fV("”)e‘Uquﬁ‘gO(l) as N-— oo

I=N-—-1

independently of j, the results established above together with the
dominated convergence theorem complete the proof of Theorem 8.

Proof of Theorem 6. We first verify the assertion for m= —1.
From (2.1) and (1.13) we have the following identity valid if n > 1:

aiajV(n):Li(d_z)[éij_Mn‘llin+(Mn—lli)(Mn~1[j)]
In I, we have shown that
exp[ — V7 ($) ] =c,_, | exp[— LV (&) = 4& — L= 22¢)2] de
with
o1 =(1+84,_ LY [1+ 0B )]

[recall that d¢ includes a (2r)~*2 factor], so that clearly e 2" 8,8,V ™ is
an entire function. To estimate it, we consider the case n=1 separately
from n> 1. Using the fact that

VOE) =2 (2= B)* = A(1¢| - p2)°

™|
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we have (d,, d, are constants depending on L and v)
|37V“)Moli|
< Cod, exp[ 5L~ P(Im ¢)> — 3L~ I(Re ¢)* — AL“B]
x [P expl—H1+20L% 1>+ QALY+ L4~ 2 [Re g))r] dr

0
Proceeding as in the proof of the global upper bound in I, we get
le” "M

Cod,

<A L Regly

d

1 A
Zr—d=2) 2_ R _L(d72)/2 1/2y2
xexp | 3 L4 (Im §)* — 1757 (Re g gy |

Since 4> 34* = (L*—1)/16L% we get
|[exp(— V") ] MyI| <dsf”? exp[3L~“~ 2 (Im ¢)*]
Similarly,

[[exp(— V)] ML <dyp°+ 172 exp[3L~“~*(Im ¢)*]

Using also the fact that
lexp(— V)| <exp[ —A(|Re ¢| — B,)* + zL~“~2(Im ¢)*]
we finally get
\[exp(—2V )] 8,0,V V| <do B exp[L ™ (Im ¢)*]

If n>1, we use V= U(&) = A(JE| — BY?,)? and 4,_, <3/ established in L
The calculations are essentially the same as in the n =1 case and we again
get

[[exp(—2V )] 0,0,V | <dof;, ., exp[ L™~ 2 (Im ¢)*]

Now, assume the assertion holds if m > —1; then which shows that

[exp(___zV(n+m+2))] ( l_[ Ml) al_ajV(n)

I=n+m+1

— [exp(_ V(n+m+2))] Cn+m+1

< < 11 M,)@,-ajVj(")(f)

l=n+m

Xexp[_LdV(n+m+l)(é)_%(C_Lv(dfz)/2¢)2] dé
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which shows that the left-hand side above is entire. Also, from the inductive
bound,

e‘ZV(H”H'Zl( n M,) a 5 144

l=n+m+1

£L==2)1m ¢)?
<d0ﬁn+m n+m+l€

and ¢,y <2(1+244L9)?<6L. Using the fact that f..,<
2072y, we see that the right-hand side is bounded by

Ao, i@ P and completes the proof of the theorem in the
complex case. If ¢ is real, we have
OV =L N+ (M, L) =M, I <L 2(1+2M, _\I7)

from which we get e~ V" 821V ™| <dB 2 < d, B’ _,. The induction in m
now proceeds as before. |

Proof of Theorem 7. We first verify the assertion when m= —1.
From I, we know that >

Veg)=4A,0*+w,(c) on |o]=]l¢gl— B, <B;

with w, analytic and vanishing together with the first two derivatives at
zero, and bounded by kB2~ 2. We use the notation |¢| = (¢7+ --- + ¢2)2
even for complex ¢, |#| is analytic in a suitable region. We have

Ldv® i, (dZV‘"’ 1 dV“”)

Aym rirj
GOV = g e Tl e

showing that
2

1 dw d*w
(n . n ) —g; 4%
1) = g (b + G2). A0 =85, +

Thus, 7, =0 and A", = 4,. If we restrict |¢| < 8%, we have by a Cauchy
estimate

2
T < g 1248+ 4k ) <o

(we take without loss of generality k = 1). Similarly,
B (14]) < 16kB— 12 < JpBx—1/2)

Now, assume the assertion true for m 2 —1 and compute. Thus,

5:@!¢|)=( 1 M,)6§V<">(|¢| é)

I=n+m+1

$)+1(|¢|)_< I1 Mz) oIV (141 éy)

I=n+m+1
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We have
f2 e
10 1w
I=n+m+1

x expl[ — LAV m (&)~ Y& — L4272 4] 6,121 dé}

R O LA P S EE)

The denominator is proportional to exp[ — V" *"*?)(¢)] and is non-

zero on ||¢| — By, ol <P% iy, Letting o' = || — LU= 228Y2  and
using the fact that g2 =LY 272gY2  +O(B2-}2)) established in

I, it follows that fU is analytic on |o'| <3(2L“ 2B, ,..1)* Using

Theorem 6, we make a complex shift in (3.2), ¢ » &+ L=“=272 |¢| ¢,, and

write & =ué, + t, with 1.é, = 0. Next, define
I7(n+m+1)[(u+L—(d~2)/20./+ﬁ1/2 )él +l]

n+m+1

— V(n+m+1)[(u+Lv(d——2)/20_i_+_ﬁ1/2 )é1+f}

n+m+1

— 4y o+ LD

and expand the resulting quadratic form in u around the point where its
first derivative vanishes. Finally, making a second complex shift

81n+m+1L(d+2)/2
e 1+8)~n+m+1Ld ’
we arrive at
f el
={j< I M,) 2V (r)
I=n+m+1

XCXp[—LdV("+m+1)(I‘)—-%(1 +8'{n+m+1Ld) uz_%tz] du dt}

—1
X {.[ exp[ — LWV +m+O(r) — 1484, 4 o 1 LY u? — 312 du dt}

Sz

(3.3)



Hierarchical Classical Vector Model 183

where

L2y
r=|r—er————tu+ps? é +1t
<1+8}vn+m+1Ld ﬁn+m+1 1

and the ¢ integration in (3.3) is over the (v— 1)-dimensional space
orthogonal to the é, direction.

We analyze (3.3) in a way similar to the construction in L. The region
of small and large fluctuation fields is specified by the characteristic
function
i ful, [l <L-“=2p%

otherwise

XolH, t)={

and we write N=N,+ N, and D=D,+ D_, corresponding to the decom-
position 1 =y, + y,. From the global upper bound of Theorem 6,

N = j ] ( I Ml) a2V ()

l=n+m+1
L—(dfz)/zo_/ )2

X exp [—LdVHmH(V)+4in+m+1Ld<u+m

1 1
— 5 (484,01 L) uz—iﬁ} v (u, 1) du dt

SB[ exp| LA 2L AR =12,

2 mey Lo Re (e LY
2 mrmd 1484, e L7
1 1
——5(1+8/1,,+m+1Ld)u2—§t2:| %o du dt (3.4)

Now
L=y

1 2
ELZ(Imr)2+4/1,,+mHLdRe<u+ > —4h s 1 LU

1+ 84,4 s LY

uRet

1 ! (d+2)/2
S_L4—d|o_/|2+8)n+m”+ll‘ _
2 1+8A‘n+m+1L

1
LMo P45 (P 4+ 1)

1
<O(L) B2 i1 +§ (u?+ 1)
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where (L) = L*"%(2— L*~?)**. Hence, if |u| or |t| > (126)* B .. |, the
exponent in (3 4) is bounded above by — H(u® + 1*).
Now, suppose |u| and |7] <(128)* %, , ., but still |u] or [¢f|>
L-@-1P2gz . Then
L—d=272

|Rerl n+m+1 ( +WRGG> +:Bn+1/ri+lt +0( 31&+_rnl+l)
n+m+1
which implies, after some algebra, that
1
—LY1—=2L"%) A(|Re r| =B, ., 1)* +5(Imr)2+4ﬂ~n+m+1Ld

L=y

R
Relut g
[4/1n+m+1 B (1 —2L7d)}‘:| L2 (Re O_/)z
(1 +8;“n+m+1Ld)2

2—d__ LZ
(L 81n+m+1?j - (Im 0_1)2
201+ 84,4 me 1 L)

2[44, o1 —(1—=2L7)A] L@+22
(1 +8}’n+m+1Ld)

— L1 = 2L 2u* + O(B3*5.1)

~2L 921 L7
4)n+m21-1 [4;n+m+1 (1 2Ldz/1‘:' (RCO”)Z
(1_2L )A (1+8in+m+1L )

2
)2> _4}*n+m+1Ldu2

u(Re a’)

(Lz,d_glln+m+1)L2 2 30— 1
Im g’ O(p- 112 35
P AT H S L OO )

Using $4*<1,<34* if n>1, the coefficient of (Res’)* in (3.5) is
bounded by 2884L%*/(1 + 44L“)?, which is smaller than 144/Ld since A* =
(L*—1)/8L% Likewise, the coefficient of (Im¢')? is bounded by 2L~“.
Thus, the exponent in (3.4) is bounded by

144 1
~7le a'|? 2(u2+t2)+0(ﬁi°‘+}351)

1
SA0L™ Q2L 2B, 4 py )™ = 3 (w*+1?)

40(2LW D)
<|: L1/3 _—5} (u2+t2)
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because |u| or |7| =L »72p* . We choose « small and L large so
that (2LY“~»)*/L'? < 1/160. This implies that the exponent in (3.4) is
bounded by (—1/4)(u*+t*) for all (u, t) such that y, = 1. Therefore, we
conclude that

IN.| <const-B,, , exp[—gL™“ V¥

2a

In an analogous way, we find |D, | <const-exp[ —jL @~ '3p2= 1

We now turn to the calculation of

N0=j< 1T M,)6§V(”)(r)exp{—L"I~/"'+’”+“(r)

I=n+m

~ 31+ 84y o LY 02— 47} 1, du dt
Because of the y, function, we have

" e ( N [ d—2y2g
=1 —Pyim S\UT T T T4
o 1+8}“n+m+1Ld

1
)3 808 P 0B
Using again the fact that $4* <1, <34* if n> 1, we see that
L-(d—z)/zo_/
T R—
1+8An+m+1Ld

d—1/3)/2 —{d—1/3)/2
L2LWE 13 ﬁz+m+19 ln] < 3L~ ﬁz+m+1
Hence, we can use the small-fields representation for V" +1(z) to

get

72 1 1/2 L_(d~2)/2 2
potm+ )(r)=4ln+m+1ﬁ;+/rn+l <u+m0’>t

+ Wn+m+1(’7)+ 0( ia+_m1+1)

The first term in the right-hand side is bounded by 3L~ (¥»@-1g3«—12
To estimate w,, ,,, (), we note since ¢ ~>*w, ., (¢) is analytic on |o| <
X m+1, We have by the maximum modulus theorem |w,, ... (7)/7°] <

kB3 -2 jp3e so that

n+m+lUFn+m+1°

Wa a1 ()] S2TRLTORXA=1RBI0 L2,

These estimates, together with 8, ,,,,<2L“ 2B, ., .., easily imply

|[7(n+m+1)(r)| < 60kL7d71/2ﬁ(3o:—1/2)

n+m+2

and

_pdpinsm+1) _ _
e~V O — 1 <TORL™ 1280012
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Let

1 1 L
dv=;eXp |:_ 5(1 +8;\.n+m+1Ld) uz_'itu:l Ko du dt

where I is a normalization such that { dv=1, and it is easy to show that
I is bounded below by a strictly positive L-dependent constant. Write

—"—j( 1 M,> 2V (r) dv+j( 1 M,) 2V (r)

I l=n+m I=n+m

x (e FVTTTO 1) dy (3.6)

From the induction hypothesis,

n [2

M, |3V (r) = f20r) + e &% (D)
<,=ln_£m I> ? M+ B e mer)

Also from the hypothesis, it follows that |£(|7])], 1hY(|r]) -84, <

3kB3*~ 12, which implies :

!j < H Ml) a% V(n)(r)(e~LdV(n+m+1)(r) _ 1) dv < 300](21“1/2‘32“_1

I=n+m

The first term in (3.6) is written as

N 2 5::)
7 (n>+J]<n) n)dv+f(—;—g[%d" (3.7)

Since 7"(0)=0, we have by the maximum modulus theorem that

| F(y)] < 6kL (@ 1302g} +4m+1\12kL 5/6 3 172

n+m+2

and the third integral in (3.7) is bounded by 100AL - 132g2 =1 In
conclusion we can write N,/I=y" +b,(¢'), where b,(¢’) is analytic on
lo'| <X2LY=2B, . ... 1) and |b,(c")| < 15KL™B7172,; the term D,/I
can be analyzed in the same way. In this way, we arrive at

_NI+NJI

(n) _ () /
190 = 2 p = T+ ba(e)

with b, analytic on |o'|<2LY 2B, ,..)* and |by(o')l<
35kL—3%p3+~ 12 Now, letting

n+m+2

2 d—2)/2n1/2
Aﬁn+m+l=ﬂrlz/+m+2_l‘( 4 ﬂn/+m+1 O(ﬁn+m+l
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we write o' =gl =B, s+ AP =0+A4B,, miy1, With o=|@|—
B2, ... Notice that if the original § is large enough, the region |o| <

iB% . ..., is contained in |o'| <1(2LY“~?B,, )" Writing

fﬁé’ll(l¢|)=vf;’)+bz(Aﬁn+m+1)+bz(6')—bz(dﬁn+m+1)

We define 3™ | = % 4+ by(AByspmii1), and F(0) = by(a’) —
by(4B, s m+1). Then, U (o) is analytic on |0]< ﬂ}/im” and
[y =y <35kL=B7 V2, and | T, (o) <TOKL ™27, }/2,. Thus,

since L is large, we see that the induction hypothesis for /) holds for
m+ 1 if it holds for m > —1. The verification for h%" is very similar and so
we omit it. ||

4. DECAY OF TRUNCATED TWO-POINT FUNCTION

In this section we obtain the decay rate of the perpendicular and
parallel truncated two-point functions, thus proving Theorem 2. From
Section 3, Theorem 8, we have the representation

BB (x) $;(¥)>
—(n—1)(d-2)

T @y (=L -8

= BLIHO 6+ T

el
XZ n+j n+/+L dgézl/“nflan~1+E

where

8

=-(1-L Z a, LOB )]+ L%y O0(B27'7)

From I, 1L"¢-2B < B, <3L"“~ 2B, and since

—2m

q. =L~ (m=2d=2)2 <_I;l;_2> ~ [~ 2= 2)

nt 1 _ L7
we see that

|E,| <L nld=2+@d=2)31g3a—1/2 41)

where 6 =1/2 — 30> 0. Thus, for the perpendicular two-point function =
(2, 3,..., v) we see that

1
nlifio L= DU=2H(x) ¢ (y)> = FI-L @D

which is the exact decay of the hierarchical inverse Laplacian.
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For the parallel case (i=1) we have

B(Lhu(x) $1(¥)> — {9,(0)>7)
[~ (~1@-2)

=T -wn - L8 Z A jOnsy+ L7482,y

S(U=L) T @ O L0 )
= So(n) + S1u({Am}) + S2(An_ ) + E, (4.2)

where we define

Sullkn})= (=L 8 Y ky. a2,

Jj=0

and
Sytk,_)y=L" N -8k, 1“

n—1

From I we have lim, _, , A,= A% = (L*— 1)/8L% thus,

lim LO7DT2DBTCH,(x) ¢i(p)) — (4,(0))7]

n-> 00

— 81— L% ¥ AL U@
1—1L (d—2) P
R A A
=L Ta=rye

showing that the truncated two-point function in the parallel direction
decays faster than the perpendicular one.

We now obtain faster decay than that given by (4.3). Note that the
sum of the first three terms of (4.2), with A* replacing 4,,, is given by

(4.3)

So+ S, ({A*}) + S2(4*)

L= 1d-2) - r .
d
= LLvM-'z') Lo (4.4)

ie, the L7792 and L= terms cancel. We can obtain faster falloff
by estimating the rate of convergence of A, to A* We have, letting
K,=27"-2*"" 4y=1, and R, = L*K,—K,, the following result.
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Lemma 4.1. For 1 and f large, we have:
(@) A=A, <cp*~ 2L 1) for d 3.
(b) For d large
A¥ Ay =L "2 (Ko+ Roy) — L33 (Ko + R, )2+ O(L 4+ )

where £>0, R, =lim, _, , R,, and IR | <cp* 12

Proof. From I we have
K, =i '—J*x"1=()*— An)(AgA*) = L7"Ky+ L™*R,

where

n—1
R,=c(L) ). LYO(B; *?)

Jj=0

(a) As B;~L/“"2f implies L~>"|R,| <cp*~2L"I=2-12) the
result follows.

(b) For large d, note that [R,| <cf* "> and |R,— R, | <cL @+
with ¢>0. Now, by writing 1* — 1, =L 2"Ky1,A* + L~>"R, 1, A* we see
that |A* —1,| <L %

Substituting A+ (4,—4) for 4, on the right side and iterating, we
arrive at

A¥ =L, =L "KyA*— L "R, A*>+ L~ (K,+ R,) A*
X [—L™K,A*>— L=2R,2** — L*K, + R,)(}, — A*¥Y]
=L7"KgA** + L™ R, A% — L™ *4*} (K, + R,)* + O(L ")
Now write R,=R_ + (R,— R_,), so that the above becomes
/”L*__An:L~2nl*2(K0+Roc)_L——4n/1*3(K0+ROO)2+0(L7(4+s)n)
Now we estimate the falloff By writing 4,, = A* 4 (4,,— A*) in (4.2). Thus
B<O1(x) $1(9)>T = So+ S1,({A*}) + S2(2%) + Sy, ({ A, — A*})
+ Sy(A,_{—A¥)+ E, (4.5)
and for all 3> 3, using Lemma 4.1(a),

1S1({Am = A, [S2(Ay g = A)| S cf*~ V2L "2+ 0]
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with 6, =1/2— o> 0. Combining these estimates with (4.1) and (4.4) gives

BLh(x) dy(y)pT <L "m0l 423

Now we consider d large. Using Lemma 4.1(b) in (4.5), we get

B3 (x) (1) > 7= So+ Sp({A}) + S2(4) — 22(Ko + R.,)
X [Spu({L™7"}) + So(L 207 1)]
+ Ko+ R[S ({L7*" ) + Sy(L=20 = 1)]
+ SAOL T HFON L SAO(L DTN L B (4.6)

Now
___ZLden(d—FZ)
Si({L72m}) + S, (L2 1) Sai_L @t O(L"9*%)  (4.7)
LdL—rz(d+2)
S ({L*" )+ 8Ly 1Y) “a—r @t O(L-"+%)  (48)

and the last three terms in (4.6) are bounded by ¢L ~"“*2+%, Using (4.1),
(4.4), (4.7), and (4.8) in (4.6), we obtain, noting that 1 + A*K,= A*/4,,

($i(x) ¢1(}’)>T

1 LdL—n(d+2)
= ST s [+ 207 (Kot Re) + 27K+ R )]

+ O(L—n(d+2+£))

ILdL—n(d+2} 1 2
ZEI—:FG:T)}”*Z (_/{_}_Rm) +0(Lvn(d+2+s))

5. CONCLUDING REMARKS

Here we have shown that the decay of the parallel two-point function
is faster than the perpendicular one in all 4> 3 and [x— y[ ~“*? decay for
large d. We expect |x — y| ~“*+?) decay for all d>3 based on the results of
I that the shifted action has the noncanonical Gaussian fixed point 44*¢7
and |x —y|~“@*? is the decay associated with this fixed point. A calcula-
tion showing the finiteness of the zero-field susceptibility would indicate at
least |x —y| ~¥+®), £> 0, falloff of the two-point function. One can show
finiteness for d> 6, but it would take higher-order perturbation calcula-
tions to reach d=3. In addition to the question of decay it would be
interesting to know the behavior of the model in the critical region.
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